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Abstract. We study the Riemann curvature tensor of (k, fi, v)-contact metric 
manifolds, which we prove to be completely determined in dimension 3, and we 
observe how it is affected by Da-homothetic deformations. This prompts the 
definition and study of generalized {K,fi, v)-space forms and of the necessary 
and sufficient conditions for them to be conformally fiat. 



1. Introduction 

All researchers who are currently working on contact metric geometry and related 
topics agree on the great importance of [n, /j,) -spaces, since they were introduced by 
D. E. Blair, T. Koufogiorgos and V. J. Papantoniou in [4* as those contact metric 
manifolds satisfying the equation 

(1) R{X, Y)C = kMY)X - r,iX)Y} + y.{ri{Y)hX - ri{X)hY}, 

for every X, Y on M, where k and /i are constants, h — l/2L^(j> and L is the usual 
Lie derivative. These spaces include the Sasakian manifolds (k = 1 and h — 0), 
but the non-Sasakian examples have proven to be even more interesting. Actually, 
their name was really given by E. Boeckx in [5], who also provided a classification 
the next year in [6]. R. Sharma extended the notion in [25], by considering k 
and fi to be differentiable functions on the manifold and called those new spaces 
generalized (k, fj,)- spaces. Later, T. Koufogiorgos and C. Tsichlias proved in |22| 
that in dimensions greater than or equal to 5, the functions k, ii must be constant 
and presented examples in dimension 3 with non-constant functions. There have 
been more papers dealing with these spaces, some of them replacing the contact 
metric structure by a different one, but let us emphasize the recent work published 
by B. Cappelletti Montano and L. Di Terlizzi in [T as a proof of their relevance 
and possibilities. 

Starting from the paper [20j . in which T. Koufogiougos gave an expression for 
the curvature tensor of a (k, ^) -space with pointwise constant 0-sectional curvature 
and dimension greater than or equal to 5, the second and third authors (jointly 
with M. M. Tripathi) recently defined in a generalized [k, fi) -space form as an 
almost contact metric manifold (M^""*"^, 0, ^, 77, 5) whose curvature tensor can be 
written as 

(2) R = fiRi + hR2 + hRz + hRi + hR^ + /6i?6, 
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where /i , . . . , /e are differentiable functions on M and i?i , . . . , i?6 are the tensors 
given by 



Y)Z - .g(r, Z)X - g{X, Z)Y, 
R2{X, Y)Z = g{X, <PZ)<PY - g{Y, (j)Z)(j)X + 2g{X, (pY)(j>Z, 
R^iX, Y)Z - ii{X)ri{Z)Y - v{Y)v{Z)X + g{X, Z^Y)^ ~ g{Y, Z^X)^, 
Ri{X, Y)Z = g{hY, Z)hX - g{hX, Z)hY + g{(t)hX, Z^hY - g{(t)hY, Z)(t)hX, 
R5{X, Y)Z = gij, Z)hX - g{X, Z)hY + g{hY, Z)X - g{hX, Z)Y, 
Re{X, Y)Z = i^{X)i^{Z)hY - rj{Y)r^iZ)hX + g{hX, Z)T^{Y)i - g{hY, Z)r,{X)C, 



for any vector fields X, Y, Z. Such a manifold was denoted by M{fi, . . . , /g) and 
several examples of it were presented in [9]. This notion also includes that of 
generalized Sasakian- space- forms, which can be obtained by putting /4 = /5 = 
/e = in ([2). For more details about these spaces, see [1] and [24. 

Also in [9j, after the formal definition of a generalized {k, fj.) -space form was 
given, those with contact metric structure were deeply studied. It was proved that 
they are generalized (k, ^) -spaces with n = fi — and /i = /i — /e- Furthermore, 
if their dimension is greater than or equal to 5, then they are (— /g, 1 — /6)-spaces 
with constant 0-sectional curvature 2/5 — 1, where /4 = 1, = 1/2 and /i,/2,/3 
depend linearly on the constant /g. A method for constructing infinitely many 
examples of this type was also presented. 

Moreover, it was proved that the curvature tensor of a generalized [k, fi) -space 
form is not unique in the 3-dimensional case and that several properties and results 
are also satisfied. Examples of generalized {k, ^)-space forms with non-constant 
functions /i , /a and f^ were also given. 

Later, in [8J the study of generalized (k, fi) -space forms was continued by analysing 
the behaviour of such spaces under Z?a-homothetic deformations. An alternative 
definition of this type of manifold was introduced and it was proved that these 
spaces remain so after a Da-homothetic deformation, albeit with different functions. 
Infinitely many examples of this type of manifold were also showed in dimension 3 
with some non-constant functions. 

Going a step further from {k, fi)- spaces, T. Koufogiorgos, M. Markellos and V. 
J. Papantoniou introduced in |21j the notion of {k, ^,v)- contact metric manifold, 
where now the equation to be satisfied is 



for some smooth functions k,ii, and v on M. They proved that, in dimension 
greater than or equal to 5, k and /u are necessarily constant and that v is zero, 
hence the {k, fj,,v)- contact metric manifolds are in particular [k, jj)- spaces. They 
also proved that if a £)a-homothetic deformation is applied to them, they keep 
being {k, ^,v)- contact metric manifolds, although with different functions, result 
that they used to provide examples in dimension 3 with v a non-zero function. 
Some other authors also studied manifolds satisfying condition but with a 
non-contact metric structure, as we will point out later. 

In the present paper, after reviewing some concepts and results on almost contact 
metric manifolds in section [21 we prove in section |3] that the curvature tensor of a 
3-dimensional {k, ^,v)- contact metric manifold is completely determined and can 



(3) 



R{X,Y)i 



= n{ri{Y)X - ri{X)Y) -f ii{rj{Y)hX - v{X)hY} 
+ v{r]{Y)(t>hX - ri{X)(t>hY}, 
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be written in terms of k, /i, v and its (/)-sectional curvature F . We apply this result 
in order to give the curvature tensor in a particular example and we study how 
Z^a-homothetic deformations affect it. In section 2] we define generalized (k, /i, z^)- 
space forms as a generalization of generalized [n, fi)-space forms that englobes the 
{k, ^jv)- contact metric manifolds and we provide some properties and examples. 
Finally, in section[5]we study some necessary and sufficient conditions for generalized 
(k, /i, v)-space forms of dimension greater or equal to 5 to be conformally flat. 

In conclusion, by introducing generalized {k, fj,,i>)- space forms we offer a very 
general frame in which many previous theories can be included and unified, opening 
new possibilities for further studies. 

2. Preliminaries 

In this section, we recall some general definitions and basic formulas which will 
be used later. For more background on almost contact metric manifolds, we rec- 
ommend the reference [3]. 

An odd-dimensional Riemann manifold (M, g) is said to be an almost contact 
metric manifold if there exist on M a (1, l)-tensor field 0, a vector field ^ (called the 
structure vector field) and a 1-form 77 such that ?7(^) = 1, cjy'^X = —X + ri{X)^ and 
g{4>X, (j>Y) = g{X, Y) — ri{X)ri{Y) for any vector fields X, Y on M. In particular, 
in an almost contact metric manifold we also have 0^ = and rj o cf) — 0. 

Such a manifold is said to be a contact metric manifold if d?7 = $, where 
Y) = g{X, (pY) is the fundamental 2-form of M. If, in addition, ^ is a Killing 
vector field, then M is said to be a K- contact manifold. It is well-known that a 
contact metric manifold is a i^-contact manifold if and only if 

(4) VxC ^~^X 

for all vector fields X on M. Even an almost contact metric manifold satisfying 
the equation ^ becomes a i^-contact manifold. 

On the other hand, the almost contact metric structure of M is said to be 
normal if the Nijenhuis torsion [0, 0] of (j) equals — 2d?7 ^. A normal contact 
metric manifold is called a Sasakian manifold. It can be proved that an almost 
contact metric manifold is Sasakian if and only if 

(5) {Vxcl^)Y^g{X,Y)(-rj{Y)X 

for any vector fields X, Y on M. Moreover, for a Sasakian manifold the following 
equation holds: 

R{X,Y)^^Tj{Y)X-7j{X)Y. 

Given an almost contact metric manifold {M,(j),^,ri,g), a (p- section of M at 
p £ M is a section 11 C TpM spanned by a unit vector Xp orthogonal to ^p, and 
4>Xp. The (j)-sectional curvature o/II is defined by K{X^(j)X) = R{X, (pX, (j)X, X). 
A Sasakian manifold with constant (/)-sectional curvature c is called a Sasakian 
space form. In such a case, its Riemann curvature tensor is given by equation 
R = fiRi + /2i?2 + fsRs with functions /i = (c + 3)/4, = /g = (c - l)/4. 

It is well known that on a contact metric manifold (M, 0, ^, 77, g), the tensor /i, 
defined by 2h — L^(j>, satisfies the following relations [4] 

(6) hS, ^ 0, WxS. = -0A: - (l)hX, hcj) = ~<j>h, tr/i = 0, 77 o /i = 0. 

Therefore, it follows from equations Q and ([6]) that a contact metric manifold is 
if-contact if and only ii h = 0. 
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On the other hand, a contact metric manifold (Af ^, 77, 5) is said to be a 

generalized {k, fi) -space if its curvature tensor satisfies the condition (jlj for some 
smooth functions k and fi on M independent of the choice of vectors fields X and 
Y. If K and /i are constant, the manifold is called a {k, fi)-space. T. Koufogiorgos 
proved in |20) that if a (k, /i)-space M has pointwise constant (/)-sectional curvature 
F and dimension greater than or equal to 5, the curvature tensor of this (k, /i)-space 
form is given by equation ([2]), where 

(7) /i = ^ , 72 = ^ , 73 = K, 74 = 2' = 1, 76 = 1 - Ai- 

Recently, a (k, (1,1/)- contact metric manifold was defined in |21j as a contact met- 
ric manifold {M, (j), ^, ry, whose curvature tensor satisfies 1^ for some smooth 
functions K,fi, and u on M independent of the choice of vectors fields X and Y. 
According to the above notations, we could also refer to them as contact metric 
generalized [k, fi,v) -spaces. 

It was showed in |21| that every (k, /i, i/)-contact metric manifold of dimension 
greater than or equal to 5 is a (k, /z)-space, but that there exist examples in dimen- 
sion 3 with v ^ 0. 

Given an almost contact metric manifold {M,(j),^,ri,g), we recall that a D^- 
homothetic deformation is defined by 

(8) = 0, V = aV, g = ag + a{a~l)r](g)T], 

a 

where a is a positive constant (see [H]). It is clear that (M, 0,^,^, 5) is also an 
almost contact metric manifold and that 

(9) h=-h. 

a 

Finally, we will denote by Q the Ricci operator on M and define the scalar 
curvature as r = trQ. We will also assume that all the functions considered in this 
paper will be differentiable functions on the corresponding manifolds. 

3. The curvature tensor of (k, ^, i^)-CONTACT METRIC MANIFOLDS 

In this section we will study the curvature tensor of (k, fi,iy)- contact metric 
manifolds^ which is completely determined in dimension 3. We will also see how a 
-Da-homothetic deformation affects it. 

We know from |21) that a {k, fi,!^)- contact metric manifold satisfies k < 1 and 
that the condition k = 1 is equivalent to being Sasakian. Therefore, we will con- 
centrate on the case k < 1. 

Theorem 3.1. Let M be a 3-dimensional (k, /i, i/) -contact metric manifold with 
K < 1. Then its curvature tensor can be written as 

R=[^- 2k) ^1 + - 3k) R3 + fiRi + vRr, 

where Ri, R3, R^ are the same tensors appearing in (0) and Rj is the following one: 



(10) RriX, Y)Z = g{Y, Z)(j)hX ~ g{X, Z)<j)hY -f g{<j)hY, Z)X - g{<phX, Z)Y. 
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Proof. It is well known that a S-dimensional contact metric manifold satisfies: 

R{X, Y)Z = g{Y, Z)QX - g{X, Z)QY + g{QY, Z)X - g{QX, Z)Y 
^^^^ ~^-{g{Y,Z)X-g{X,Z)Y). 

Thanks to Proposition 3.1 from [21] we also know that: 
(12) Q = - I + (-^ + 3k) ?7 ® ^ + /^/i + vcj)h. 

Substituting equation ([T2l) in ([Tl]) we obtain: 

R{X,Y)Z = - 2k) Ri{X,Y)Z+ - 3k) R3{X,Y)Z + nRi{XX)Z 
+ V {g{Y, Z)<j)hX - g{X, Z)(j)hY + g{(t)hY, Z)X - g{<l)hX, Z)Y}. 

We only need to define the tensor Rj as written in ([T0| in order to get the desired 
result. □ 



We can also prove the following: 
Proposition 3.2. Let M be a i- dimensional (k,/i, i/)-contact metric manifold with 

T 

K < 1. Then its S-sectional curvature is F = 2k. 

^ 2 

Proof. There exists a 0-basis {e, (pe, ^} with hX = XX (where A = \/Y^~k) because 
K < 1 (equation (4-8) from [H]). Due to the fact that the 0-sectional curvature 
F = R{X, (pX, (j)X, X) on a point P € M does not depend on the choice of X , then 
F = i?(e, 0e, 06, e). 

If we use now Proposition 13. II we get: 

F = i?(e, 0e, 4>e, ^) ~ 2'^) <^^i 't'^i (2 ~ Rzi^i 06j </'e, e) 

+ ^Ri{e, (fie, (f>e, e) + vRj{e, 4>e, 4>e, e). 
An straightforward computation gives us that 
Ri{e, (pe, (pe, e) — 1, 

Raie, (f)e, (pe, e) = i?4(e, (pe, <pe, e) = Rr^e, (pe, <pe, e) = 0. 
We conclude that 

T 

F = R{e, (pe, 4>e, e) — — — 2k, 

as stated above. □ 

Therefore, Proposition 13. II can be rewritten as: 

Corollary 3.3. Let M be a 3- dimensional (k, z/)-contact metric manifold with 
K < 1. Then its curvature tensor can be written as 

(13) R^ FRi + {F - K)R:i+ iiRi + vRj, 

where F is the (p-sectional curvature and Ri, R3, R^, Ri are the previously defined 
tensors. 
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Remark 3.4. Corollarv \3.3\ could also be obtained analogously to how it was proved 
in |20| that a (k, /i) -space form of dimension greater than or equal to 5 has curvature 
tensor R — fiRi + ■ • • + feRe, with fi, ■ ■ ■ , fe functions as m ([7]). 

The hypothesis on the dimension was only used to prove that the (p-sectional 
curvature is constant, not the form of the tensor R, so the reasoning is also valid in 
dimension 3, where K{X, (f>X) is always independent of the choice of X . Adapting 
that proof to the case of the (k, /i, z^) -contact metric manifolds, we would obtain that 
the formula of R(X ,Y)Z does not vary if X,Y are vector fields orthogonal to 

R{X, Y)Z ^ ^^Ri{X, Y)Z + ^^R2(X, Y)Z + R^iX, Y)Z + ]^R^{X, Y)Z. 

If we use the fact that every vector field can be written as X ~ X + 7]{X)S^, where 
X is orthogonal to ^, and the formula of R{^, X)Y for a (k, z^) -contact metric 
manifold (see equation (4-10) of 21 ), we get 

R{X, Y)Z =R{X, Y)Z - r]{Y)R{^, X)Z + r]{X)R{^, Y)Z 

^l±^R^{X, Y)Z + ^^^R2{X, Y)Z + R^iX, Y)Z + ^R^iX, Y)Z 

- ^{Y){K(g{X, Z)i + T]{Z)X) + iL(g{hX, Z)i - r,iZ)hX) 

+ y{g{cj)hZ,X)^-iiZ)c^hX)} 
+ 7^{X){n{g{Y, Z)i - r^{Z)Y) + ^iig{hY, Z)^ - v{Z)hY) 

+ iyig{4>hZ,Y)C-viZ)<f>hY)}. 

After some calculations where we use the definition of the tensors Ri, . . . , Rq and 
that X = X — ri{X)£^, it follows that the formula of the curvature tensor R{X, Y)Z 
for any vector fields X, Y, Z is: 

RiX, Y)Z = l±^R^{X, Y)Z + l^R2(X, Y)Z + - ^ R^iX, Y)Z 

+ RiiX, Y)Z + ^R^iX, Y)Z + (1 - ^i)R(>{X, Y)Z 

- v{^{X)^[Z)<^hY - 7^iY)r,iZ)^hX + gi^hX, Z)r,iY)^ - gi^HY, Z)r^iX)^}. 
If we denote by Rg, the factor that multiplies v, i.e., if we define the tensor 
R8iX, Y)Z = r,iX)r,{Z)4>hY - Tj{Y)r,{Z)(f>hX 
^^^^ + gi^hX, Z)rj{Y)^ - g{4>hY, Z)^{X)i, 

we can write the Riemann curvature tensor as 

-F + 3 F — 1 f F + 2i \ 1 

R = ^—^1 + ^—^2 + f — K j i?3 + i?4 + + (1 - 1^)Rq - VR%- 

We know from Lemma 3.8 of ^ that R2 — 3(i?i + i?3), i?5 = and Rq = —R^ on 
every contact metric manifold, so we obtain: 

R ^ FRi + {F- K)i?3 + /ii?4 - lyRs. 

This new way of writing the curvature tensor coincides with (jl3p thanks to the 
fact that i?8 = —R7 in every 3-dimensional contact metric manifold {M,(j),^,rj, g), 
which can be easily proved by checking that it is true for a (/)-basis ^}. 
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Corollary 13.31 also implies that the examples of 3-dimensional (k, fi,iy)-contact 
metric manifolds with non-constant functions given in 21 have curvature tensors 
written like (jl3p . so we only need to calculate the 0-sectional curvature F in order 
to know the tensor explicitly. 

For instance, Example 4.2 of [21] . which is a 3-dimensional (k, /i, v)-contact met- 

ric manifold with k ~ 1 — , /i = 2 + e^^z and = c 7^ constant, has Riemann 

curvature tensor R — FR\ + {F ~ k)R3 + jiR^ + vRt, where F is the 0-sectional 
curvature 

^ = - (3 + \c-y' + 3c^y. + § + + - r'^^O ■ 



We will now study how a Z?a-homothetic deformation affects the curvature tensor 
of a [k, fi,v)- contact metric manifold. 

We already know from [2JL| that applying a Z^a-homothetic deformation (a > 0) 
to a (k, /i, v)-contact metric manifold yields a new {K,Jl,v)- contact metric manifold 
with 

, ^, _ K + — 1 _ u -I- 2a — 2 _ v 

(15) K= r , [1= , v=-. 

a a 

Applying Corollary [13] we get that the deformed manifold has a Riemann curva- 
ture tensor that can be written as; 

R = TRi + (F - K)i?3 + /ii?4 + T^Rt, 

where F is the 0-sectional curvature and Ri, R3, R4, R7 are the already defined 
tensors on the deformed manifold. ^ ^ 

If we use and the fact that F = —F 5— (3a-|- 1 — k) under the previous 

a 

hypothesis, we conclude that the curvature tensor R of the deformed {k, /x, i/)- 
contact metric manifold is 



where 



R — fiRl + /3-R3 + ./4^4 + /7-R7, 



f, = -F-^{3a+l-K), 

J3 = ^F+ -^((a - 2)k - + 2a + 2), 



/4 = -(M + 2a-2), 
a 



V 

a 

and F is the (/)-sectional curvature of the original manifold. Therefore, we can com- 
pletely determine the curvature tensor of the deformed manifold, just by knowing 
the original k, ^, and F . 

4. Generalized (k, ^, i/)-space forms 

We will extend the notion of generalized (k, fj.) -space form to englobe the (k, fi, v)- 
contact metric manifolds. 
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Definition 4.1. A generalized {n, fi,i')-space form is an almost contact metric 
manifold wliose curvature tensor can be written as 

(16) R = fiRi + /2i?2 + /3i?3 + /4i?4 + hR5 + + IlRj + fsRs, 

wliere /i, . . . , /g are arbitrary functions on M, Ri, . . . ,Rq are tlie tensors in ([2]), 
Rj the one that appears in ([TOl) and Rg the one in (fT4|). We will denote it by 

Firstly, we study the contact metric case. We can easily obtain the following 
result: 

Proposition 4.1. // M{fi, . . . , /§) is a contact metric generalized (k, /i, z^)-space 
form, then it is a {k, fi^ ;/) -contact metric manifold with k = /i — /a, 1^ = fi — fe 
and V = Jt- fs- 

Proof. We already knew from [5| that 

iflRl + /2i?2 + fsRi + fiRi + f5R5 + f6R6){X, F)e - 

= (/i - h)MY)X - r^{X)Y} + ^4v{Y)hX - v{X)hY}. 
It is easy to check that 

Rt{X, r)e = -RsiX, Y)^ ^ Tj{Y)(t>hX - r^{X)c^hY. 

Hence, we can conclude that the manifold is a (/i — fz, fi — fe, fj — /8)-contact 
metric manifold. □ 

Using Theorem 4.8 from and Theorem 4.1 from \21[, it is obvious that the 
following theorem holds true: 

Theorem 4.2. Let M(fi,...,fs) be a contact metric generalized (k, ^, ;/)-space 
form of dimension greater than or equal to 5. Then 

r ^ /6 + 1 . ^ /e - 1 r ^ 3/6 + 1 

2'*^"^ 2' 2 ' 

/e = constant > — 1, 

(17) K = — /e = constant < 1, 

= constant < 2, 
= 0, 

= constant > —3. 

Hence M is a (— /e, 1 — f&)-space with constant (p-sectional curvature F — 2/6 — 1 > 
-1. 

Using Lemma 3.8 from f8|, we can easily see that the curvature tensor of a 3- 
dimensional contact metric generalized (k, ^,v)- space form M{fi, . . . , fs) can be 
written as 

R = flRl + /2^2 + fsRs + ./4^4 + fbRb + feRe + ./7^7 + fsRs = 

— fiRi + 3/2 (-Ri + R3) + /3^3 + /4^4 — feRi + fiRi — fsR? = 

- (/l + 3/2)i?l + (/3 + 3/2)i?3 + ifi - /6)i?6 + (/7 - /8)i?7. 

By an straightforward computation, we also have that the 0-sectional curvature 
of that manifold would he F = fi + 3/2, so its curvature tensor could be written as 

R - Fi?i + (F-(/i-/3))i?3 + (/4-/6)i?6 + (/7-/8)i?7 = F Ri + {F- K.)R3+fiRi+l^R7 , 



/4 = 1, 


/5 = 2' 


K = 


-/6 


A* = 


1-/6 


1/ = 


fl = fs 


F = 


2/6-1 
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which coincides with equation ([T3|) from Corollary 13. 31 

In conclusion, contact metric generalized (n, fi,v)- space forms are either (n, fi)- 
spaces (in dimension greater than or equal to 5) or (k, /i, i^)-contact metric man- 
ifolds (in dimension 3). This fact does not detract from the interest of defining 
such manifolds because there are generalized (k, fi^v)- spaces that are not contact 
metric ones. For instance, G. Dileo and A. M. Pastore study in [TT and [18| and 
A.M. Pastore and V. Salterelli in [24] almost Kenmotsu manifolds which are also 
generalized (n, fi)- spaces or generalized (k, 0,1^) -spaces, though they use a different 
notation. They give examples in dimension 3. 

Almost cosymplectic (k, /i, z/)-spaces have also been widely studied. For fi ^ v — 
0, P. Dacko published [10], where he proved that k must be constant and H. Endo 
presented multiple results in [13] and [1^. This last author also examined in fT5] 
and ^I6j these spaces for = and k, fi constants. Afterwards, P. Dacko and Z. 
Olszak studied in [11) and |12) almost cosymplectic (k, fj,, z^)-spaces with k, fi and v 
functions that only vary in the direction of the vector field ^, presenting multiple 
examples. 

Moreover, H. Ozturk, N. Aktan and C. Murathan examine in [331 the almost a- 
cosymplectic (k, /i, i^)-spaces. They also provide an example of almost a-cosymplectic 
(k, /x)-space of dimension 3 with non-constant functions k and ^. 

Are these generalized {k, fj,,^)- spaces also generalized [n, fi,v)- space formsl It 
can be proved that Theorem 13.11 Proposition 13.21 and Corollary 13.31 are also true 
for 3-dimensional (k, /x, i^)-spaces with almost cosymplectic or almost Kenmotsu 
structures. Therefore, the previously mentioned examples are generalized {k, /i, v)- 
space forms with functions /i = F, f^ = F — k, f^ = ji, fj = v and the rest 
zero. 



5. CONFORMALLY FLAT GENERALIZED (k, ^, I/)-SPACE FORMS 

In this section, we will give necessary and sufficient conditions for a generalized 
(k, /i, v) -space form to be conformally fiat if its dimension is greater than or equal 
to 5 and the tensor h satisfies some properties. 

It is easy to see that i?4, . . . , Rs must be zero if /i = 0. Therefore, a generalized 
(k, ^jv)- space form with h — is a, generalized Sasakian space form, which was 
already studied under the hypothesis of conformal flatness by U. K. Kim in [19 . One 
of the results he proved was that a generalized Sasakian space form M{fi, f2, fa) 
of dimension greater than or equal to 5 is conformally flat if and only if /2 = 0. We 
can give a similar result in our case ii h ^ 0. 

We recall that a Riemann manifold is said to be conformally fiat if it is locally 
conformal to a fiat manifold. The Schouten tensor of a manifold M^""*"^ is defined 
as 

^^-2;^^ + Mi3T)^' 

and the Weyl tensor as 
(19) 

W{X, Y)Z ^ R{X, Y)Z - {g{LX, Z)Y - g{LY, Z)X + g{X, Z)LY ~ g{Y, Z)LX), 

for ah X, Y, Z vector fields on M. 

If the dimension of the manifold is greater than or equal to 5, it is well known 
that AI is conformally flat if and only if the Weyl tensor W is identically zero. In 
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dimension 3, this tensor is always zero and the manifold is conformally flat if and 
only if the Schoutcn tensor is a Codazzi tensor, i.e., if it satisfies that iV xL)Y — 
{VyL)X = 0, for aU X,Y vector fields on M. 

Before presenting the main theorem of this section, let us see a result which will 
be used in its proof: 

Lemma 5.1. Let Af^"+^(/i, . . . , /§) he a generalized {k, ji, i/)-space form. If h ^ 0, 

h is symmetric and he/) + (f>h = 0, then its Ricci operator is written as 
(20) 

g = (2nA+3/2-/3)/-(3/2+/3(2n-l))77®e+(/4(2n-l)-/6) + ((2n-l)/7-/8)0/i. 
Therefore, its scalar curvature is 

(21) T = 2n((2n + l)/i+3/2-2/3). 

Theorem 5.2. Let M^"+^(/i, . . . , /§) a generalized (k, /i, z^)-space form of dimen- 
sion greater than or equal to b. If h ^ 0, h is symmetric and hcj) + (j)h = 0, then M 
is conformally flat if and only if f2 — fsRs — fe — fs — 0- 

Proof. Substituting the formulas of the Ricci operator (j20l) and the scalar curvature 
(j2ip on a generalized {n, fi,iy)- space form in the definition of the Schouten tensor 
(HH) we get that 

(22) ^ ^ ^ ^ 



Using now equations (|T6|) and p2p in the definition of the Weyl tensor (|T9l). we 

obtain that it can be written as 

(23) 

W = --^R,+f^R^--^R3 + -I^R^+f,R, + feRe + -^fsR7+f8Rs- 
2n — 1 2n — 1 2n — 1 2n — 1 

If /2 = /5^5 = fe = /s = 0, it is obvious that W — 0. 

If T4^ = 0, then we have in particular that W{X, ^)^ — for every vector field X 
orthogonal to f . Thanks to equation ([25]) . this means that 

T ~ ihhX + fscl^hX) = 0. 
2n — 1 

Now, 2n + 1 > 3 so fehX + fs(j>hX = 0. Moreover, ft, ^ 0, so the vector fields hX 
and <j)hX are mutually orthogonal and not zero. Hence /e = /s = and ((23| could 
be written as 

(24) W^~-^Ri+f2R2~T;^R3 + f5R5- 

2n — 1 2n — 1 

Taking now X — (j)Y and Z ^ Y, with Y an unit vector field orthogonal to ^, 
we obtain /2 = 0. 

Therefore, the Weyl tensor would he W — fsRs = and we conclude the 
proof. □ 

Remark 5.3. The hypothesis f^R^ — of the previous theorem is not always 
equivalent to /s = because the tensor R^ could be identically zero, like it occurs 
in dimension 3. However, if/s = it is obvious that f^R^ — and if R^ — 0, then 
/s is an arbitrary function, so we can choose f 5 — in particular. 
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The properties "h is symmetric " and "h(p + <ph — Q " are satisfied in some well- 
known cases. For example, if the manifold has a contact metric, an almost Ken- 
motsu or an almost cosymplectic structure. 
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